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Communicated by Stelios KyriakidesAbstract
The moire´ hole drilling method in a biaxially loaded inﬁnite plate in plane stress is an inverse problem that exhibits a
dual nature: the ﬁrst problem results from ﬁrst drilling the circular hole and then applying the biaxial loads, while the other
problem arises from doing the opposite, i.e., ﬁrst applying the biaxial load and then drilling the circular hole. The ﬁrst
problem is hardly ever addressed in the literature but implies that either separation of stresses or material property iden-
tiﬁcation may be achieved from interpreting the moire´ signature around the hole. The second is the well-known problem of
determination of residual stresses from interpreting the moire´ fringe orders around the hole. This paper addresses these
inverse problem solutions using the ﬁnite element method as the means to model the plate with a hole, rather than the
typical approach using the Kirsch solution, and a least-squares optimization approach to resolve for the quantities of inter-
est. To test the viability of the proposed method three numerical simulations and one experimental result in a ﬁnite width
plate are used to illustrate the techniques. The results are found to be in excellent agreement. The simulations employ noisy
data to test the robustness of this approach. The ﬁnite-element-method-based inverse problem approach employed in this
paper has the potential for use in applications where the specimen shape and boundary conditions do not conform to sym-
metric or well-used shapes. Also, it is a ﬁrst step in testing similar procedures in three-dimensional samples to assess the
residual stresses in materials.
 2006 Elsevier Ltd. All rights reserved.
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The use of the hole drilling method is well known to practitioners as a means to determine residual
stresses using a strain gage rosette (ASTM, 1998). Additionally, various researchers have studied obtaining0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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haegh, 1999; Furgiuele et al., 1991; Nicoletto, 1988; Nicoletto, 1991; Schwarz et al., 2000; Wu et al.,
1998; Wu et al., 1998), even fully detailing the use of moire´ hole drilling for the most general case possible
(Ca´rdenas-Garcı´a, 2001). All of these solutions rely on the analytical solution by Kirsch (1998) for a homo-
geneous, isotropic inﬁnite plate with a hole in plane stress (Kirsch, 1998). This presents diﬀerent practical
limitations, such as satisfying the theoretical requirement that the size of the hole needs to be small enough
relative to the size of the specimen so as to approach the required inﬁnite plate size. This paper has several
objectives in revisiting the moire´ hole drilling method: (a) to introduce the ﬁnite element method as a means
to model the plate material so as to preclude any size or shape limitations on the model; (b) to show that an
overdeterministic approach may be used to combine experimental data with the ﬁnite element method to
solve the residual stress problem; and (c) to expand the perspective of the moire´ hole drilling method so
as to include not only residual stress determination but also stress separation and determination of material
properties.2. The hole method
Initially we would like to look at the hole drilling problem from a more general perspective by using the
concepts of direct or forward problem, and inverse or backward problem. A direct or forward problem refers
to the determination of outputs or responses for a well-deﬁned system using knowledge of the inputs or
sources. This is typical of a solution such as the one elaborated by Kirsch (1998) mentioned above in relation
to an inﬁnite plate with hole, i.e., given inputs: boundary conditions and elastic material properties, that relate
to a speciﬁed geometry such as that of an inﬁnite plate with a hole, yields outputs: the displacements and/or
strains around the hole. Fig. 1 illustrates this with a schematic portraying the application of the superposition
principle in the case of general loading of an inﬁnite plate with a hole. Practically this means that the hole is
drilled ﬁrst and then the loads are applied. We refer to this situation as the ‘‘pre-existing hole’’ problem. Note
that the applied far ﬁeld stresses rX, rY, and sXY may be replaced by the principal stresses r1 and r2 which are
normal to each other and are oriented at an angle / from the horizontal direction. This equivalent loading
condition is obtained using the Mohr’s circle equations.
This Kirsch (1998) solution example allows us to address how an inverse problem approach is related to it.
An inverse or backward problem approach is concerned with the determination of inputs or sources for a well-
deﬁned system from observed outputs or responses. We are able to deﬁne two diﬀerent inverse problems in
reference to this forward problem. The ﬁrst inverse problem requires observed outputs: displacements or
strains and knowledge of elastic material properties to obtain the boundary conditions in the form of applied
biaxial stresses. This inverse problem approach is a means to separate the principal stresses by means of a
‘‘pre-existing hole’’. The second inverse problem requires that observed outputs: displacements or strains
and knowledge of the boundary conditions as applied biaxial loads are required to obtain the elastic material
properties. An advantage of this approach is the simultaneous determination of the elastic properties from the
moire´ signature around the hole in a biaxially loaded plate (Ca´rdenas-Garcı´a, 2000, 2001) at one general
biaxial load level. This last approach is a non-traditional application of the hole method that ﬁnds practical= + + x
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Fig. 1. Application of the superposition principle for a generally loaded inﬁnite plate with a hole in plane stress.
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Fig. 2. The superposition principle applied to residual stress determination in an inﬁnite plate with a hole in plane stress.
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2003; Cho et al., 2005).
Fig. 2 shows the application of the superposition principle for determining residual stresses, which is noth-
ing more than another problem of separation of stresses. It shows that a solution for residual stresses is
obtained from subtracting the direct problem solution of general biaxial loading of an inﬁnite plate with a hole
from the direct problem solution of general biaxial loading of an inﬁnite plate without a hole. For this residual
stresses inverse problem the outputs are: displacements or strains and elastic material properties to obtain the
residual stresses. Note that practically this requires drilling the circular hole after application of the stresses.
We will refer to this problem as the ‘‘hole drilling’’ or ‘‘residual stress’’ problem.3. The ﬁnite element model
Fig. 3 shows a sequence of ﬁnite-element-method-based simulations of a generally loaded ﬁnite plate with a
hole in plane stress that parallels the sequence of schematic diagrams that are relevant to implementing super-
position in Fig. 1. These simulations portray only the horizontal isothetics, or lines of constant horizontal dis-
placement, relevant to each boundary loading condition, and the resulting superposition. The model consists
of a homogeneous, isotropic plate (thickness 10-mm) loaded in plane stress. The plate half-width measures
100-mm, which is ten times the 10-mm radius of the hole, to approximate the behavior of an inﬁnite plate
(Nadai et al., 1930). The model uses 20,384 three-node isoparametric plane-stress elements with 82,208 nodes.
The lower left corner of the model has been ﬁxed in place for all loading conditions. When applying horizontal
normal stress rX, to the right side of the plate, the left side is constrained in the horizontal direction; when the
vertical normal stress rY is applied, to the top of the plate, the bottom side is constrained in the vertical direc-
tion; and when applying shear stress sXY to all sides of the square plate, the plate diagonal is constrained in the
direction normal to the diagonal. This basic model is used to fully develop and verify the methodology in the
hole method calculations, for separation of stresses, material property identiﬁcation, and, with a slight mod-
iﬁcation, for residual stress determination. Experimental results will be used to assess a case of separation of
stresses to illustrate the practical application of this ﬁnite-element-based inverse problem approach to moire´
hole drilling.4. Optimization approach
The optimization approach presented here parallels that by Sanford and Dally (Dally and Riley, 1991;
Sanford, 1980; Sanford, 1989; Sanford and Dally, 1979), and has been applied to the moire´ hole method pre-
viously (Ca´rdenas-Garcı´a, 2001). What follows addresses the problem of separation of stresses, and is appli-
cable to both the ‘‘pre-existing hole’’ problem and the ‘‘hole drilling’’ or ‘‘residual stress’’ problem, with slight
modiﬁcations to be addressed below. Brieﬂy, assuming that we know either the horizontal or the vertical
Fig. 3. Finite-element-method-based simulation of the horizontal isothetics for the generally loaded ﬁnite plate with a hole in plane stress:
E = 3.1 · 109 Pa; m = 0.35rXX = 15,000 Pa; rYY = 10,000 Pa; and sXY = 12,500 Pa.
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describing the relationship between calculated and experimental results, yields½F iðrX ; rY ; sXY Þexperimental ¼ ½F iðrX ; rY ; sXY Þnumerical þ ei ð1Þ
where [Fi(rX, rY, sXY)]experimental represents the experimental moire´ fringe order data at some point (xi, yi) in
the specimen; [Fi(rX, rY, sXY)]numerical represents the ﬁnite element moire´ fringe order data evaluation at the
same point, with undetermined coeﬃcients (rX, rY, sXY), i.e., the applied far ﬁeld specimen stresses; and, ei
is the random error at each point. The implication is that if the ﬁnite element program is able to exactly predict
the experimental value at every point on the specimen the random error is zero. The least squares approach to
this multi-valued expression seeks as a goal to ﬁnd the best ﬁt between the experimental data and the numer-
ical ﬁnite element solution, so as to minimize the errors.
More speciﬁcally, the experimental values are represented by the displacement fringe order data at each
point in the specimen, i.e.,½uiexperimental ¼ nip ð2Þ
or,½viexperimental ¼ nip ð3Þ
where, [ui]experimental and [vi]experimental are the displacements in the horizontal and vertical directions, respec-
tively. ni is the moire´ fringe order and p is the pitch of the moire´ grating. The moire´ grating pitch for the pur-
poses of this paper is taken as a ﬁxed value that, for example, in the case of an interferometric moire´
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nite element method generated numerical values for the horizontal and vertical displacements at a correspond-
ing point on the specimen are given [ui]numerical and [vi]numerical for horizontal and vertical displacements,
respectively.
The following functional results when Eq. (3) is rearranged so as to be able to solve it in an overdetermin-
istic sense for horizontal displacements (parallel expressions result for vertical displacements):F iðrX ; rY ; sXY Þ ¼ ½uinumerical  ½uiexperimental ¼ 0 ð4Þ
or,F iðrX ; rY ; sXY Þ ¼ ½uinumerical  nip ¼ 0 ð5Þ
A Taylor’s series expansion of the left-hand side of Eq. (5) leads toðF iÞkþ1 ¼ ðF iÞk þ
oF i
orX
 
k
DrX þ oF iorY
 
k
DrY þ oF iosXY
 
k
DsXY ð6Þwhere k refers to the kth iteration step and DrX, DrY, and DsXY are corrections to the previous estimates of rX,
rY, and sXY, respectively. The explicit relations for the correction terms areDrX ¼ ðrX Þkþ1  ðrX Þk; DrY ¼ ðrY Þkþ1  ðrY Þk; DsXY ¼ ðsX Þkþ1  ðsX Þk ð7Þ
from which the corrected estimates are obtained. If the experimental values and the numerically calculated
values are close to each other this implies that (Fi)k+1 in Eq. (6) equals to zero. Reordering Eq. (6) and express-
ing it in matrix form we obtain, for m data points,fF g ¼ ½afDrg ð8Þ
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>; ð9ÞPre-multiplication of Eq. (8) by [a]T, and solving for the correction factors {Dr}, we obtainfDrg ¼ ½c1½aTfF g ð10Þ
where½c ¼ ½aT½a ð11Þ
This iteration process is continued until acceptable convergence is attained, by deﬁning a stopping criterion.
5. Examples
Three numerical and one experimental example are presented to illustrate the successful implementation of
the three inverse problems previously discussed. The numerical examples are presented with the intent of
showing the details of the procedures, and to numerically test the robustness of this novel approach to the
moire´ hole method: the ﬁrst numerical example deals with separation of stresses for a ‘‘pre-existing’’ hole;
the second numerical example shows material parameter identiﬁcation also for a ‘‘pre-existing’’ hole; and
the last numerical example relates to determination of residual stresses by ‘‘hole drilling’’. The practical imple-
mentation will treat an experimental result related to separation of stresses in a ﬁnite width plate.
Fig. 4. Flowchart outlining the ﬁnite-element-method-based veriﬁcation approach to moire´ hole drilling.
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Fig. 4 shows a ﬂowchart outlining the procedures followed to verify the viability of the inverse problem
approach followed in this paper. For the problem of separation of stresses the forward FEM-based model pre-
viously mentioned exists and is as shown in Fig. 3. The goal, from knowledge of the geometry, material prop-
erties, and horizontal or vertical ﬁeld values, is to solve for the far ﬁeld stresses associated with general biaxial
loading of the inﬁnite plate. The material is assumed to be polymethylmethacrylate (PMMA) with a modulus
of elasticity of 3.10 GPa and Poisson’s ratio of 0.35. Two distinct paths exist in the chart in Fig. 4. One path
follows the recursive inverse analysis described above; the other path leads to a two-step procedure to verify
that the FEM-based inverse problem solution works. The ﬁrst step in this veriﬁcation procedure requires that
we deﬁne all the input parameters for use in the forward FEM-based model to generate an output data set, i.e.,
that we solve the direct problem. The output data set consists of the (xi, yi) coordinates and the displacement
ﬁeld of interest, which could be either the horizontal or vertical displacements, [ui, vi] depending on what data
are going to be analyzed. A data ﬁle containing this output data is set aside for use as an input ﬁle to perform
the recursive inverse analysis. Again, we would like to emphasize that the role of these initial simulations is to
check out the overall approach to this FEM-based inverse problem solution.
To start the needed inverse problem calculations we need to read in the output data that was previously
generated, set the initiation parameters and perform the needed recursive analysis. Initially the intent is to ver-
ify convergence. If convergence is not achieved, the initiation parameters are modiﬁed until convergence is
achieved. For these cases where we know all of the relevant parameters the initial guesses revolve around
the actual values. For the actual values as initiation parameters we should always get convergence showing
that the inverse process that is set up works. Next is the need to assure ourselves that the calculation conver-
gence error is adequate. If this is successful, the results need veriﬁcation. Since we know what initial data were
used to generate the output results, it is easy to compare this assumed data to the results generated by this
inverse problem procedure.
Some observations in implementing these calculations are in order: To initiate calculations inherent to Eq.
(12) deﬁning all terms related to {F}k and [a]k is required. Deﬁning {F}k is straightforward, whether done ana-
lytically or by using this FEM-based procedure, once the starting values for the far-ﬁeld stresses are known.
Also, if this were an analytically-based approach it would be straightforward to deﬁne the necessary, explicitly
written partial derivatives, such as oF 1orX ;
oF 2
orX
; . . . ; oF morX ;
oF 1
orY
, etc., at the initially designated far-ﬁeld stress values of
rX, rY, and sXY. Since we have an FEM-based procedure, not only do we have to assume initial values, but we
also need a way to deﬁne these partial derivatives. The way that this is done in this paper is to treat each partial
derivative as follows:
J.F. Ca´rdenas-Garcı´a, S. Preidikman / International Journal of Solids and Structures 43 (2006) 6751–6766 6757oF 1
orX
¼ DF 1
DrX
¼ ðF 1Þk1  ðF 1ÞkðrX Þk1  ðrX Þk
oF 2
orX
¼ DF 2
DrX
¼ ðF 2Þk1  ðF 2ÞkðrX Þk1  ðrX Þk
..
.
ð12ÞThis implies that we need to deﬁne three diﬀerent sets of starting values for k = 1, i.e., [(rX)0, (rX)1],
[(rY)0, (rY)1], and [(sXY)0, (sXY)1]. For example, to calculate the m values of
oF m
orX
, we assume values for (rX)0
and (rX)1, and calculate all values of {Fm}0 and {Fm}1, assuming that (rY) = (rY)0 and (sXY) = (sXY)0. In a
similar way, to calculate the m values of oF morY , we assume values for (rY)0 and (rY)1, and calculate all values
of {Fm}0 and {Fm}1, assuming that (rX) = (rX)0 and (sXY) = (sXY)0. Additionally, to calculate the m values
of oF mosXY , we assume values for (sXY)0 and (sXY)1, and calculate all values of {Fm}0 and {Fm}1, assuming that
(rX) = (rX)0 and (rY) = (rY)0. Once all of the partial derivatives are deﬁned, we can proceed to fully deﬁne
[a]k, and start our calculations.
The FEM-based inverse problem solution calculations are performed for three diﬀerent cases of applied far-
ﬁeld stresses. Case 1 relates to application of only far-ﬁeld stress rX = 45.0 MPa. Case 2 to application of far-
ﬁeld stresses rX = 45.0 MPa and rY = 64.5 MPa. And, Case 3 to applied far-ﬁeld stresses rX = 45.0 MPa,
rY = 64.5 MPa and sXY = 35.0 MPa. All cases were examined for these values of far-ﬁeld stresses for hor-
izontal, vertical and total data sets consisting of 9896 elements around the hole, in the central portion (50 · 50-
mm) of the square plate. The starting values used in all simulations were of the order of the applied stresses, to
avoid lengthy calculation runs, which in some cases lasted more than 10 h, due to repeated FEM calculations
because of the iterative nature of this least squares optimization scheme. The results showed that for all three
kinds of displacements there was no discernible diﬀerence in performing the required optimization procedures.
All of these runs were successful using the ﬁrst initial guesses. It was possible, in all cases, to achieve conver-
gence to the appropriate values, with an error of the order of the assumed convergence error, which was arbi-
trarily set at 1 · 1015 Pa. These results do not mean that the FEM updating scheme presented here will be
applicable to every stress state combination.
Introduction of random error. Experimental measurements oftentimes include noise or random error. There-
fore, to determine how much noise this FEM-based nonlinear least squares approach could tolerate, we
decided to modify the output ﬁles of the FEM program by adding random signals to a set of horizontal dis-
placement values obtained above. Recall that these output ﬁles are then used as the input data to the imple-
mented inverse problem procedure. This implies that the total horizontal displacement values at every point of
interest is modiﬁed as follows:ðutotÞi ¼ uið1þ n  p RNViÞ ð13Þ
where the product (n • p)2 is the noise variance, and is deﬁned for 0 6 n 6 1 and the moire´ grating pitch p of
1/1200 lines per mm. RNVi is a normally distributed random number vector, m random numbers long, with a
mean value of zero, variance r2 = 1, and a standard deviation r = 1. m corresponds to the size of the data set
being used to perform the inverse problem analysis over the central portion of the square plate. This modiﬁed
noisy input data set is then used to test the inverse problem procedure. The percentage error of the far-ﬁeld
normal stresses was calculated for diﬀerent values of noise variance, n, using the uniaxial far-ﬁeld stress values
of rX = 45.0 MPa, rY = 0.0 MPa, and sXY = 0.0 MPa. Typical results are shown in tabular form in Tables 1
and 2, corresponding to 9896 and 243,161 points in the central 50 · 50-mm portion of the plate, respectively.
These results are generated by setting the initiation parameters to the actual values and changing the level of
error by changing the error parameter n. Taking this approach allowed the running time of the optimization
procedure to be minimized while allowing some measure of error evaluation. Table 1 shows that as the level of
noise increases the percent error also increases, but all errors fall below 1.0%. Notice that it is possible to ob-
tain diﬀerent levels of error for the same noise level reﬂecting the fact that each computer run uses a diﬀerent
random set of data. Table 2 shows that for large data sets it is possible to reduce the absolute error to below
0.1%. Fig. 5 shows a plot of the horizontal isothetics, for the same values of far-ﬁeld stresses as those used to
examine the eﬀects of noise variance. It illustrates clearly that above a noise level variance of 0.35 the
Table 1
Error calculation for varying levels of noise in the input data for the case of separation of stresses (E = 3.10 GPa, m = 0.35) with 9896 data
points
Noise, n rx, in Pa Calculated error, in Pa % Error
0.00 45,000,000 0 0.00
0.05 44,996,157 3,843 0.01
0.10 45,006,982 6,982 0.02
0.15 44,969,780 30,220 0.07
0.20 45,010,191 10,191 0.02
0.20 45,025,733 25,733 0.06
0.25 45,058,784 58,784 0.13
0.25 45,125,971 125,971 0.28
0.30 45,036,890 36,890 0.08
0.30 45,019,390 19,390 0.04
0.35 44,903,487 96,513 0.21
0.40 44,932,964 67,036 0.15
0.45 44,968,092 31,908 0.07
0.45 45,092,073 92,073 0.20
0.50 44,991,672 8328 0.02
0.50 45,032,406 32,406 0.07
0.50 45,014,222 14,222 0.03
0.50 45,234,703 234,703 0.52
0.55 45,175,607 175,607 0.39
Table 2
Error calculation for varying levels of noise in the input data for the case of separation of stresses (E = 3.10 GPa, m = 0.35) with 243,161
data points
Noise, n rx, in Pa Calculated error, in Pa % Error
0.00 45,000,000 0 0.00
0.05 45,003,393 3393 0.01
0.10 44,996,954 3046 0.01
0.15 44,986,465 13,535 0.03
0.20 45,001,852 1852 0.00
0.25 45,000,363 363 0.00
0.25 44,992,022 7978 0.02
0.30 44,986,838 13,162 0.03
0.35 44,971,857 28,143 0.06
0.40 44,962,402 37,598 0.08
0.45 44,999,821 179 0.00
0.50 44,980,881 19,119 0.04
0.55 44,988,517 11,483 0.03
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possible to discern the values of the far ﬁeld stresses even for high levels of noise, especially as the number
of experimental data points considered increases.
5.2. Example 2: Determination of material properties
For the problem of determining material properties we need to use a modiﬁed form of Eq. (5), i.e.,F iðE; mÞ ¼ ½uinumerical  nip ¼ 0 ð14Þ
which is used in the same way as before to now estimate modulus of elasticity and Poisson’s ratio knowing the
values of applied far ﬁeld stresses. The same data set utilized for separation of stresses is used and we can fol-
low the same process outlined in Fig. 4. This means that to begin the inverse problem calculations we specify
the previously generated output data, set initiation parameters and perform the recursive analysis. Initially we
Fig. 5. The eﬀect of noise variance, n, on the horizontal displacements isothetics for rX = 45.0 MPa, rY = 0.0 MPa, and sXY = 0.0 MPa
E = 3.10 GPa, m = 0.35, pitch = 1/1200 lines per mm.
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be modiﬁed until convergence is achieved. Next is the need to assure ourselves that the calculation conver-
gence error is adequate. If this is successful, the results need to be veriﬁed. Since we know what initial data
were used to generate the output results, it is easy to compare this assumed data to the results generated
by this inverse problem procedure.
As before, to initiate calculations using Eq. (10) requires deﬁning all terms related to {F}k and [a]k. Deﬁning
{F}k is straightforward by using this FEM-based procedure, once the starting values for the elastic material
constants are known. The following partial derivatives, since we are now estimating the elastic material prop-
erties, are required: oF 1oE ;
oF 2
oE ; . . . ;
oF m
oE , and,
oF 1
om ;
oF 2
om ; . . . ;
oF m
om at the initially designated elastic material constant val-
ues of E, and m. Since we have an FEM-based procedure, not only do we have to assume initial values, but we
also need a way to deﬁne these partial derivatives. The way that this is done in this paper is to treat each partial
derivative as follows:oF 1
oE
¼ DF 1
DE
¼ ðF 1Þk1  ðF 1ÞkðEÞk1  ðEÞk
oF 2
oE
¼ DF 2
DE
¼ ðF 2Þk1  ðF 2ÞkðEÞk1  ðEÞk
..
.
ð15ÞThis implies that we need to deﬁne two diﬀerent sets of starting values for k = 1, i.e., [(E)0, (E)1], and
[(m)0, (m)1]. For example, to calculate the m values of
oF m
oE , we assume values for (E)0 and (E)1, and calculate
all values of {Fm}0 and {Fm}1, assuming that (m) = (m)0. In a similar way, to calculate the m values of
oF m
om ,
we assume values for (m)0 and (m)1, and calculate all values of {Fm}0 and {Fm}1, assuming that (E) = (E)0. Once
all of the partial derivatives are deﬁned, we can proceed to fully deﬁne [a]k, and start our calculations.
The FEM-based inverse problem solution calculations are performed for Case 3 using only vertical dis-
placements for far-ﬁeld stress values of rX = 45.0 MPa, rY = 65.5 MPa, and sXY = 35.0 MPa with elastic
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modulus of elasticity and Poisson’s ratio did not matter.
5.3. Example 3: Residual stresses
The calculation and veriﬁcation of the residual stresses problem also follows the procedures outlined in
Fig. 4 but now we refer to the superposition of stresses shown in Fig. 2. This means that in deﬁning the for-
ward problem we subtract the solution for a loaded plate with a hole from the solution for a loaded plate with-
out a hole. This is how the FEM model is set up and solved. To better illustrate this procedure Fig. 6, which
parallels the schematically shown superposition of stresses of Fig. 2, shows the resulting horizontal displace-
ment isothetics due to the residual stresses, which take on the same values as in Example 1, i.e.,
rX = 15,000 Pa, rY = 10,000 Pa and sXY = 12,500 Pa, except that now these are residual stress values.
The result of any implementation of this modeling procedure is an output data set to be used later when the
inverse problem algorithm is implemented. As before, the output data set consists of the set of the (xi, yi) coor-
dinates and the displacement ﬁeld of interest, which could be either the horizontal or vertical displacements,
[ui, vi] depending on what data are going to be analyzed, and is set aside for use as the input ﬁle to perform the
recursive inverse analysis. These initial simulations play the role of a check on the overall approach to this
FEM-Based inverse problem solution.
The same calculation process is followed: the calculations start by reading in the previously generated out-
put data, the initiation parameters are set and the needed recursive analysis is performed to initially verify con-
vergence. After which we need to insure an adequate convergence error, and verify the results. The same
observations as before are pertinent to deﬁning {F}k and [a]k in Eq. (10).Fig. 6. Finite-element-method-based simulation of the horizontal isothetics for residual stresses in a ﬁnite plate in plane stress:
E = 3.1 · 109 Pa; m = 0.35rXX = 15,000 Pa; rYY = 10,000 Pa; and sXY = 12,500 Pa.
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values of rX = 45.0 MPa, rY = 64.5 MPa and sXY = 35.0 MPa with elastic constants E = 3.10 GPa and
m = 0.35 yields the same convergence error as before, which was arbitrarily set at 1 · 1015 Pa.
5.4. Example 4: Experimental analysis of moire´ interferograms for assessment of separation of stresses and
material properties in a ﬁnite width plate
To test the validity of the concepts presented above, several moire´ interferometry experimental results
depicting the same loading condition were found in Weissman and Post (1982). These results involve uniaxial
tension loading of a black polymethylmethacrylate (PMMA) plate whose nominal dimensions are
63 · 200 · 3 mm (2-1/2 · 8 · 1/8 in.), with a 13 mm (1/2 in.) nominal diameter central hole. The plate width
to hole diameter ratio is 5, which requires treatment as a ﬁnite width plate and does not allow the Kirsch solu-
tion approximation (Kirsch, 1998; Nadai et al., 1930), and yields a stress concentration factor, K, of 2.51 from
the following relation (Young, 1989):Fig. 7.
1982 [
displacK ¼ 3:00 3:13 2r
D
 
þ 3:66 2r
D
 2
 1:53 2r
D
 3
ð16ÞThe moire´ interferograms are reproduced in Fig. 7: Fig. 7(a) shows the vertical displacement ﬁeld for the
vertically applied load; Fig. 7(b) shows the horizontal displacement ﬁeld; and Fig. 7(c) shows the 45-degree
displacement ﬁeld. (Note: For convenience we have interchanged the orientation of the horizontal and vertical
displacement ﬁelds from that speciﬁed in the work by Weissman and Post (1982).) The fringe orders of the
fringes in the upper right-hand quadrant are shown in the ﬁgures. All three images are analyzed to assure our-
selves that they reﬂect the same loading conditions (the referenced article does not make reference to the
applied load on the specimen) and elastic properties. Thus, the goal of the analysis is twofold: (1) we would
like to assess the load applied to the plate starting with assumed handbook material properties; and (2) once
this load is known to use it to assess the material properties to corroborate the consistency of the assumed
handbook values.
The data collection on the images was done by concentrating only on the moire´ isothetics located in the
upper right-hand quadrant corresponding to the ﬁnite element model. For all isothetics shown in Fig. 7 the
fringes used in the analysis are numbered and typically 50 points were collected from each fringe, as close(a) (b) (c)
+1
+3
+2
0
+4+5
+6+7
+8+9
+10+11 0
-1 -2
-3 -4 
-5
-6
-7
-8
0
+1
+2
+3
+4
+5 +6 +7 +8
+12 +9 +10 +11
Displacement isothetics for a tensile plate with a central hole, loaded in the vertical direction (adapted from Weissman and Post,
21]): (a) vertical displacement ﬁeld (1200 lines per mm); (b) horizontal displacement ﬁeld (1200 lines per mm); (c) 45-degree
ement ﬁeld (1700 lines per mm).
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parameters needed from each image are the center of the hole and the radius of the hole, so as to establish
the correspondence between pixel size and specimen size. Accurately locating the center of the hole and the
radius of the hole in these experimental images is very critical, as all measurements depend on these param-
eters. The location of the hole center is estimated by referencing its location to points around the hole that
appeared to verify its symmetry. Then, to minimize the error in estimating the radius of the hole, at least
10 diﬀerent points are located on the edge of the hole, so as to calculate an average value for the radius of
the hole. Table 3 shows the moire´ grating frequency represented in each image in Fig. 7, the image size cal-
ibration factor and the estimated radius of the hole in pixels. These values do show a corresponding ordering
of the hole radius and image size calibration factor.
To account for rigid body motion, Eq. (5) is modiﬁed as follows for calculating the applied stress for hor-
izontal, vertical or 45-degree moire´ isothetics:Table
Image
Figure
7(a)
7(b)
7(c)
Table
Calcul
Figure
7(a)
7(b)
7(c)F iðrX ; rY ; sXY Þ ¼ f½uinumerical þ d0 þ d1xþ d2yg  nip ¼ 0 ð17Þ
and Eq. (14) is similarly modiﬁed for calculating the modulus of elasticity and Poisson’s ratio from experimen-
tal knowledge of the horizontal, vertical or 45-degree moire´ isothetics:F iðE; mÞ ¼ f½uinumerical þ d0 þ d1xþ d2yg  nip ¼ 0 ð18Þ
where, for example, for horizontal displacements, d0 is the rigid body translation along the horizontal direc-
tion, d1 is the rotation per unit displacement about the y axis, and d2 is the rotation per unit displacement
about the x axis. These modiﬁcations lead to straightforward redeﬁnition of all terms related to calculating
{F}k and [a]k, the terms needed to initiate calculations using Eq. (10).
To estimate the applied uniaxial stress in the three moire´ interferograms shown in Fig. 7, a quarter-plate
ﬁnite element model consisting of 5680 three-node triangular isoparametric elements (23,114 nodes) is used.
The left and bottom edges of this quarter-plate ﬁnite element model are constrained in the horizontal and ver-
tical directions, respectively. The uniaxial load is applied in the vertical direction along the top edge of the
model. The half-width and half-height plate dimensions are 25.4-mm and 101.6-mm, respectively, for the plate
with a 3 mm thickness and a hole with a 10-mm diameter. The assumed elastic properties are 3.10 GPa for
modulus of elasticity and 0.35 for Poisson’s ratio. These are typical values for PMMA obtained from Atoglas,
the manufacturer of Plexiglas. Tables 4 and 5 show the results of performing an estimation to obtain the
applied uniaxial stress, elastic properties, and corresponding rigid body translation and rotation constants
using the FEM-based least squares procedures outlined above and illustrated in the ﬂowchart of Fig. 8, for
each set of moire´ isothetics in Fig. 7. As pointed out before, the applied uniaxial stress is found ﬁrst assuming
handbook values for the elastic constants. Then the newly found uniaxial applied stress is used to estimate the
elastic constants. If this process is repeated a second time, the values of load and elastic constants are
unchanged, as are the rigid body translation and rotation constants.3
size calibration factor and hole radius
Moire´ grating frequency, in lines per mm Image size calibration factor, in pixels per mm Hole radius, pixels
1200 26.64 169.17
1200 28.63 181.81
1700 27.43 174.19
4
ated values of applied stress and rigid body translation and rotation constants
Applied stress, in MPa d0, dimensionless d1, in rad per mm d2, in rad per mm
1.45 1.26E06 5.89E08 1.12E06
1.75 5.63E06 7.83E07 5.12E07
1.69 9.74E06 1.47E06 9.95E07
Table 5
Calculated values of modulus of elasticity, Poisson’s ratio and rigid body translation and rotation constants
Figure Modulus of elasticity, E, in GPa Poisson’s ratio, m d0, dimensionless d1, in rad per mm d2, in rad per mm
7(a) 3.11 0.25 1.26E06 5.89E08 1.12E06
7(b) 3.08 0.38 5.63E06 7.83E07 5.12E07
7(c) 3.13 0.28 9.74E06 1.47E06 9.95E07
Fig. 8. Flowchart outlining the ﬁnite-element-method-based experimental approach to the moire´ hole drilling method.
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be analyzed. This is done by using the following relation to estimate the value of strain at the edge of the hole,
along an axis normal to the applied load, passing through the center of the hole:eyy ¼ oVoy ¼
DV
Dy
¼ ony
oy
py ð19Þfrom which we can estimate the normal stress parallel to the load application direction,ryy ¼ Eeyy ð20Þ
and we can then calculate the value of the applied stress r0,r0 ¼ kryy ¼ 2:51ryy ð21Þ
Performing this calculation for a value of Dny = 17 pixels, given by the diﬀerence in position between the zero
order and ﬁrst order fringe, yields r0 = 1.62 MPa, a value of stress comparable to the average of the three val-
ues of applied uniaxial stress shown in Table 4.
Having ‘‘discovered’’ the values of applied load and elastic properties for the moire´ isothetics shown in
Fig. 7, it is now possible to reconstruct these experimental results using FEM. The corresponding reconstruc-
tion of each set of isothetics is shown in Fig. 9, including the experimental points used. All of these reconstruc-
tions use the same uniaxial load level stress of 1.65 MPa, modulus of elasticity of 3.08 GPa, and Poisson’s ratio
of 0.38. These values were arrived at by trial and error based on the initial estimates of values given in Tables 4
and 5. The intent in showing these reconstructions is to demonstrate how even in the case where little is known
about the load level and the material properties it is possible to perform what appears to be a reasonable
assessment in obtaining these parameters. Of course, if the load were known more accurately, the greater
would be the certainty in assessing elastic properties, or conversely if the elastic properties are well character-
ized there would be greater certainty in assessing the applied load. Additional sources of error that may not
Fig. 9. Simulated displacement isothetics in PMMA reconstructed using the data sets superimposed on the moire´ isothetics, for a tensile
plate with a central hole, loaded in the vertical direction generated using the ﬁnite element method for rYY = 1.67 MPa, E = 3.08 GPa,
m = 0.38: (a) vertical displacement ﬁeld (1200 lines per mm); (b) horizontal displacement ﬁeld (1200 lines per mm); (c) 45-degree
displacement ﬁeld (1700 lines per mm).
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loading which is accentuated by only considering moire´ fringes from the ﬁrst quadrant and could be mini-
mized by analyzing the ﬁrst and fourth quadrants and averaging results; and, the ability to accurately distin-
guish the size of the hole in each image.
6. Discussion
Three numerical and one experimental example were used to illustrate the moire´ hole method implemented
by means of FEM-based inverse problem procedures. The numerical examples allowed examination of the
approach used in this paper under many diﬀerent conditions for the quantitative assessment of separation
of stresses, material property identiﬁcation, and assessment of residual stresses. An experimental result clearly
illustrated the applicability of the technique for separation of stresses, in the case of a hole in a ﬁnite width
plate. As mentioned at the beginning, the more practical application is the problem of quantitatively determin-
ing residual stresses, where the elastic properties and the full ﬁeld moire´ fringe patterns are known. The intent
in presenting all of these applications was to establish the approach taken in the application of the moire´ hole
drilling method. Much work still needs to be done to show that it can be applied in a more seamless way by
adapting a true full ﬁeld approach, not the point wise gathering scheme used to implement the procedures
reported on in this paper. This would imply using phase shifting interferometry (Creath et al., 1985)
approaches, or in the case of this paper phase shifting moire´ interferometry (Post et al., 1994). Also, the algo-
rithms required to make an FEM based procedure more eﬃcient needs to be explored more fully, as is the
required methodology to thoroughly evaluate the potential errors that might crop up as a result. Additionally,
the experimental procedures that support this type of approach needs further development to optimize their
adaptation to the current approach. In summary, much work remains to be done following the guidelines that
have been developed here in making inverse problem approaches more generally accepted in experimental
solid mechanics.
The approach used to examine the basic aspects of the two-dimensional moire´ hole method has potential to
be expanded to other more challenging applications, some that have been examined before and others that still
need to be addressed more fully. One example is the case of in-plane stress gradient case. Its solution would
not diﬀer greatly from what is presented above, as the current scheme could be enhanced by deﬁning the
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ingenuity would be required in this task. Another problem that could also be tackled is the depth stress gra-
dient case. This would require deﬁning a three-dimensional problem involving the stress variation along the
plate thickness. The inverse problem solution would need to use only plate surface displacement information
in its implementation, in conjunction with graduated drilling of the plate specimen (similar to blind hole dril-
ling). This is a more challenging problem simply from the perspective of implementation, but can also be dealt
with using the same principles outlined in this paper. A third problem relates to consideration of in-plane func-
tionally graded materials (FGMs). This is recently addressed in a paper that considers the thermo-mechanical
behavior of a two-dimensional FGM plate with a hole (Ca´rdenas-Garcı´a et al., 2006). The idea presented in
this paper is how to obtain the elastic moduli, Poisson’s ratios, coeﬃcients of thermal expansion and the gra-
dation exponent for both materials that comprise the FGM system using an inverse problem methodology. A
fourth problem relates to assessing the in-depth FGM variation of properties. It is possible that such a prob-
lem can be deﬁned and solved for a three-dimensional FGM plate with a hole. In fact, there is literature related
to using instrumented indentation to address this type of problem that only addresses the changing value of
elastic modulus (Giannakopoulos and Suresh, 1997; Giannakopoulos and Suresh, 1997; Suresh et al., 1997). A
ﬁfth problem that also arises is that of consideration of the most general case of residual stress determination,
i.e., blind hole drilling to assess the residual stresses in a practical application. This has evolved from test meth-
ods relying on strain gages in conjunction with ﬁnite elements (Schajer, 1981; Schajer, 1988a,b; Schajer and
Altus, 1996), to methods that use full ﬁeld techniques to assess the surface deformation at various stages of
hole drilling (Makino and Nelson, 1997; Ponslet and Steinzig, 2003; Steinzig and Ponslet, 2003; Wu et al.,
1998; Wu et al., 1998). What still needs to be done is full implementation of an inverse problem approach rely-
ing solely, from beginning to end on a ﬁnite element solution.
The potential of an experimentally-based inverse analysis relying on FEM is that it permits a methodical
application of experimental, analytical, and numerical approaches. With this approach it is possible to per-
form an experiment to collect experimental data with the objective of attaining the theoretical/numerical
reconstruction of the experiment. This tests the validity of the experimental procedures and allows access
to a more complete data set anywhere in the structure under consideration. This opens up a new, more orga-
nized and methodical way to complement the use of experimental and analytical/numerical capabilities.7. Summary and conclusions
In summary, several objectives have been attained in revisiting the moire´ hole drilling method: (a) the intro-
duction of the ﬁnite element method as a means to model the plate material so as to preclude any size or shape
limitations on the model; (b) to show that an overdeterministic approach may be used to combine experimen-
tal data with the ﬁnite element method to solve the residual stress problem; (c) to expand the perspective of the
moire´ hole drilling method so as to include not only residual stress determination but also stress separation
and determination of material properties; and, (d) to show that the procedures presented in this paper have
wider applicability because of the growth and development of the ﬁnite element method which in conjunction
with diﬀerent full ﬁeld experimental techniques can yield much in terms of assessment of boundary conditions
and material properties, especially if applications are directed toward the assessment and characterization of
nonlinear behavior of materials.Acknowledgements
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